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ABSTRACT

Consider a set A of symmetric n X n matrices a = (a; ; )"11'5"' Consider
an independent sequence (g;)i<n of standard normal random variables,
and let M = Esup,,eAlz'.y’.Sn a;,jgigj|- Denote by N3(A,a) (resp.
N.(A, a)) the smallest number of balls of radius « for the I norm of
R™ (resp. the operator norm) needed to cover A. Then for a universal
constant K we have a(log N2(A, a))1/* < KM. This inequality is best
possible. We also show that for § > 0, there exists a constant K(§) such
that a(log Ne(A, @)t/ 248 < K(§)M.

1. Introduction

Consider an orthogaussian sequence (gi)i<n. For a subset A of R, set {(4) =
Esup,e 4|3 i<, aigi|- The value of £(A) in function of the geometry of 4 is now
(in principle) completely elucidated [T1]. An important early result, that is still

of considerable use, is as follows.

Remark: Sudakov’s minoration. Denote by N{A,a) the smallest number of
balls in the £2 metric of radius « that are needed to cover A. Then, for some

universal constant Ky,
(1.1) o(log N(4,0))'/? < Kyb(A).
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208 M. TALAGRAND Isr. J. Math.

Observe that this statement is independent of the dimension n, so is in essence
an infinite-dimensional statement.
Consider now a set A of n X n matrices; set
£(A4) = Esup| Y aijgig;l.
“€4 ij<n
In contrast with the case of £(A4), little is known about the relationship be-
tween £(2)(A) and the geometry of A. The distribution of a Gaussian random
variable ) ... aigi depends only on its variance but the structure of a chaos
X =Y, j<n i,j9ig; is far more complicated. Consider [lall2 = (¥; ;<. a?;)'/?,

the £2 norm of a. Consider

llalle = sup{ Y aishiki: Y RI<1, Y k< 1} :

i,j<n i<n j<n

This is the operator norm of a seen as an operator from R" to R®; or, equivalently
the norm of a seen as an element of the injective tensor product R*®.R™. Observe
that, by Cauchy Schwarz inequality, we have ||a}je < ||la]l2. It is easy to see (see
e.g. [L-T] section 3-2 for a proof) that the parameters |||z, ||al|c govern the size

of the tails of X. In particular, for some universal constant K, we have

(1.2) P(IIX || 2 t) < exp(~t*/ K lall}) if ¢ < lallz/llall;
P(IX|| 2 t) < exp(=t/K||allc) if ¢ > |lali3/llallc.

In looking for a generalization of Sudakov’s minoration for chaos, it is thus

natural to consider both norms || - ||z and || - J|..

THEOREM 1.1: Consider a set A of n X n symmetric matrices. Denote by
Na(A,a) (resp. Ne(A,a)) the smallest number of ball for || - ||z (resp. || - |le)
of radius a needed to cover a set A C R™. Then, for some universal constant

K, we have
(1.3) a(log N2(4,a))/* < K€D (A).

Moreover, there exists a function ¢(z) such that lim, . ¢(z)/z® = 0 for each
& > 0, and such that

em(A)) .

a

(1.4) (log Ne(4,2))"/? <K e(ZZA)ﬁP (
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The reader must have noted the unusual exponent in (1.3); but (1.3) is optimal;
a challenging conjecture is to know whether the term in ¢ can be removed in
(1.4). The statement of the theorem is independent of the dimension; it is thus a
routine to deduce from this theorem a statement on chaos processes of the form
(Xi ;51 96,i9i9i)aca for A C £2(N?).

It turns out that our proof of Theorem 1.1 makes essential use of methods
of local theory of Banach spaces; thus it is natural to state it here in a finite-
dimensional setting. Using (1.2), it is shown in [L-T] p. 327 that for some

universal constant K, we have

(15) (DU <K (/Ooo(log Nao(4, ) *da + /000 log N.(A, a)da) .

This inequality is the best possible of its type. (Of course one can replace entropy
conditions by the corresponding majorizing measure conditions.) The exponents,
however are not the same as in (1.3) and (1.4). The reason is that the value of
£(A) is not determined by the structure of A for the distances induced by |- ||
and || - |le. The question of which other simple parameter(s) to use to determine
£3)(4), or whether indeed such a parameter exists, is entirely open.

We now give an example showing that (1.3) is optimal. Take A = {a symmet-
ric; Jlalle < 1}. Thus, for a € A4,

Z i,j9ig; < Z!I?

iign i<n
and thus £(4) < n.

PROPOSITION 1.2: For some constant independent of n, we have
(i) log N (4,3) > en?,
(ii) log Na(A4,cy/n) > en?.
Thus for a = 1/2, a(log Ne(4,))'/? is of order £¥(A) while for a = c\/n,
oflog No(A, @)/ is of order £2)(A).
Proof: (i) By volume considerations, N¢(4,1/2) > 2»n-1)/2,
(it) We give a simple probabilistic proof. Observe first that we can drop the

requirement that A consists of symmetric matrices, by using the map that asso-
ciates to each n x n matrix a the 2n X 2n matrix

(&%)



210 M. TALAGRAND Isr. J. Math.

Consider an independent doubly indexed Rademacher sequence (e; ;)i j<n (i.e.
P(eij =1) = P(ei,j = —1) = 1/2). Consider h,h' € R". Then, by the subgaus-
sian inequality P(| Y eizi| > t) < 2exp(—t2/2(Y 2?)), we see that

t2
1.6 P hibieii| >t | < 2ex (——————)
o ('Z el ) ANETTHY

i’jsn

LEMMA 1.3: (See e.g. [P] p. 56.) There exists a subset Z of R™, such that card
Z <5"% Z C 2B, B C conv Z, where B denotes the euclidean ball of R", and
conv Z the convex hull of Z.

Thus, since card Z < 5

P(Yh,h €2, | Y hibjeij| < 16v/n) >

i,j<n

N =

Thus it follows that :
P(l(eis e < 16V) 2 3.

Consider now a family 7; j,1 < 4,j < n, where n; ; = £1. Then (Je;,; —ni,;/*)i,j<n
is a sequence of independent random variables taking the values 0 and 4 with

probability 1/2. Recentering, the subgaussian inequality implies
2 2 n’?
P Z leij —misl" <n ) < Zexp — =
i,j<n

So one needs at least 1 expn?/8 balls of radius n for the norm || - ||z to cover
{(€ij)i,j<n; l(€ij)lle < 164/n} C 16\/nA. Thus at least } expn?/8 balls of radius
/16 are needed to cover A. 1

We discuss in more detail the methods and the organization of the paper.
Consider another sequence (g;)i<n of independent N(0, 1) variables, independent
of (gi)i<n. We first “decouple” the chaos and set

{A)=Esup| ) aigig}l.
9€4 i jgn

A symmetric bilinear functional Q(z,y) satisfies

4Q(z,y) = Qz +y,z +y) — Q(z —y,z — y).
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Together with the fact that (g; F ¢})i<n is distributed like (\/§g,~),-5h, this implies
that £(4) < £®)(A). So it is enough to prove (1.3) and (1.4) when £(2)(A4) is
replaced by £(A).

It is very tempting to look at the decoupled chaos

Y aiigiw)gi(w')

i,j<n

YO aiigi(w))gi(w)

j<n i<n
so that, conditionally on w, this is a Gaussian random variable. Marcus and Pisier
have proved a Sudakov-type minoration property for p-stable processes that relies
on the fact that these variables are conditionally Gaussian [M-P]. In the p-stable
case, an essential ingredient is that the random distance d, associated to this
conditionally Gaussian process has the property that P(d,(s,t) < €) decrease
very rapidly for € — 0; this property is also crucial in the work that followed the
work of Marcus and Pisier, e.g. [T2]. Unfortunately this property fails in the
case of chaos, and another approach is needed. The essential idea is contained
in an important result of local theory of Banach spaces due to A. Pajor and
N. Tomczack-Jaegermann (following groundbreaking work of V. Milman). This
is an improvement of Sudakov’s minoration that, roughly speaking, states that
the covering provided by (1.1) “needs only about (¢(A)/a)? dimensions”. The
version of this principle that we need is explained and proved in section 2. In
section 3, we set up some (elementary) machinery. In Section 4 we prove (1.3).
The principle of the proof is to find a set A’ of N x k matrices, when k is of
order (£(A)/)?,2(A") of order £(A), and Na(A4,a) < No(A',a/2). Reiterating
the operation reduces to the case of k x k matrices, where the result follows from
trivial volume considerations. In section 5, we prove (1.4). The proof uses a

similar principle, but it is more delicate.

2. Random operators

For clarity in the proofs (and to avoid writing many triple sums) it will be useful to
use somewhat more abstract notations than done in the introduction. Consider
a finite-dimensional Hilbert space H; we denote by vy its canonical gaussian

measure; if (€;)i<n is a basis of H, vy is the law of 3., giei. For z € H, we
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have
21) el = /H (z,w) dyn(w).

It will be convenient to denote by w,§,8 (possibly with lower indexes) random
variables valued in various finite dimensional Hilbert spaces G, H,R*. It will
always be assumed that when w(resp. §,6,...) is valued in H, its law is yg; and
that all of these variables are independent. Thus we will write (2.1) as

(2.2) 2l = E(z,w).

Consider now k > 0, given, and an independent sequence 6,...,60; of r.v.
distributed like 8. Central to this paper is the consideration of the random
operator T? from H to R given by

T%(z) = f“’ 101), -5 (z, Bk)).

For a subset A of H, we set £(A) = E sup,¢ 4 |{(a,w)|. A first important property
of T? is as follows.

PROPOSITION 2.1: E(£(T°(A))) < £(A).
Proof: Consider a r.v. £ valued in R* and distributed like yg+. Thus, by

definition

§T*(4)) = By sup (T*(a), )1

Here (as well as in the rest of the paper) E, denotes expectation with respect to
£. Using the Fubini theorem we get

E((T*(A))) = E¢Es sup KT(a), €)1

We denote by £1,...,¢* the components of £. Then
(T*(a),6) = < ML >
i<k

Since, conditionally on £, Zig . £'6; is distributed like }|¢]|8, we have

Basup 7', 61 = L £y sup (0,03 = L)
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The conclusion follows from

1/2
Elil < (BIEI? = | Y EEY | =vE 8
i<k

We denote by K, K3, ... universal constants. When there is no need to track
the constant, we denote it by K (so the value of K may change at each occur-
rence). The fundamental property of T is expressed in the following result.

THEOREM 2.2: There exists a universal constant K such that, givenaset A C H,

the following event

ey veyed le—ul <k (I -0l +52)
k

has probability > 1 — 2¢~*.

If we take y = 0, we see that ||z]|; < K€(A)/vk whenever T%(z) = 0. We thus
recover the theorem of A. Pajor and N. Tomczak-Jaegermann that the sections
of A by a random subspace of H of codimension k have a diameter of order
£(A)/Vk. It could however hardly be said that Theorem 2.2 is an extension of
this result, since the proofs are identical. Our contribution here lies rather in the
recognition that Theorem 2.2 is the correct formulation for our purposes.

For completeness we will give the proof of Theorem 2.2. We will follow the
approach of [P], Theorem 5.8 (translated in our language).

We start with an elementary lemma.
LEMMA 2.3: Given ¢ € H, we have, for u > 0,
P(IT’(2)]l < ulizll) < (ew?)*/2,

Proof: By homogeneity we can assume ||z|| = 1. Then ||T%(z)||? is distributed
like (1/k) Y5, g2. For every A > 0,

k k/2
Eexp (—/\ng) = (Eexp(-Ag}))* = (1’%) :

i=1

Therefore,

k
P(IT%=)]* < u?)=P (exp (—% Zg?) > exp —/\uz)

i=1

) k/2 ,
<| —m .
= (1+2A/k) exp(Au’)
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The conclusion follows by taking A = k/2u?. 1

Before we turn to the crucial point, let us recall one convenient form of the
“concentration of measure” phenomenon for Gaussian measures [P], p. 47. If ¢
is a semi-norm on H, and ¢ = supy<; ¢(h), then

(2.4 P(ip(e) - Bp)] 2 ) < 2exp— g,

(The use of the best constant in the exponent is essentially irrelevant.)

LEMMA 2.4: Fork >1,t > 0, we have

P (ztelg IT(a)|| = 26%1) + t) 5" exp (_gkg_i)

where D = sup{||a]|;a € A}.

Proof: By Lemma 1.3, there exists a subset Z of R* with card Z < 5%, consisting
of vectors of length < 1, such that

IT*(2)|l < 2sup |{T*(z), k).
hez
Thus it suffices to show that for every h € Z, ||h|| < 1, we have

(2.5) P(sup [(T*(a), b)] > \(/{)‘* g) Sex (":_;27)'

As observed in the proof of Proposition 2.1, sup,¢ 4 |(T%(a), h)] is distributed like
(1/VE)sup,¢ 4 |{a,w)|. So (2.5) follows from (2.4). ]

We now conclude the proof of Theorem 2.2. We set e = £(A)/vk. By Sudakov’s
minoration 1.1, we can find a subset S of A of cardinality < exp KZk such that
the balls of radius € centered at S cover A. Set A— A = {a— b;a,b € A} and

A ={z€A-A;|z| < ¢}

so that £(A') < 2¢(A). If we use Lemma 2.4 for A’ instead of A, and for ¢ = Je,

we see that

P (sup IT?(a))| > 96) < 5% exp(—3k) < e~ *
a€A’
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Consider now a number u, fixed such that e2X3 (eu2)}/2 < 1/e. It follows from
Lemma 2.3 that

P(Vs,t€S, |IT%(s =0l 2 ualls—tll) 21"
It remains to show that (2.3) occurs whenever

(2:6) Vs,t€ S, IT%(s — )l 2 uolls — tl,
(2.7) sup [IT%(a)]| < 9e.
aCA’

Indeed consider z,y € A. We can find s,¢ € S such that ||z —s|| < ¢, |[y—¢t|| < e
Thus z — s, y —t € A'. By (2.7) we have

IT%(z - )l < 9&; IT°(y — t)|| < 9e.
On the other hand, by (2.6) we have
1o
s =l < 2T - D).
0

Thus 1
e~y < 26+ Jls =t < 2¢ + = T°(s = 1)
(]
1
< 2¢+ —(18¢+ | T%(z - y)l).
0

This completes the proof. |

3. Tensor products

Consider two finite-dimensional Hilbert spaces G, H and the space B(G,H) of
bilinear forms on G x H. For a € B(G, H), we set

(3.1) lallz = (Ba®*(w, €))'/*
(3.2) llalle = sup{la(h’, 2)] : IA']l < 1, ]iAll < 1}.

Thus, if G = R¥, H = R", a = (ai,j)i<k,j<n, We have ||a||z = (Xi; a?,j)l/z.
Given z € G, we consider the operator V; (resp. W) from B(G,H) (resp.

B(G,R¥%)) to H(resp. R¥) given by

(3.3) Vye H, (Vi(a),y) =a(z,y)
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(resp.

(34) Yy € Rk, (Wz(a)a y) = a(.?:, y))

Given an operator T : H — R¥, we consider the operator T from B(G, H) to
B(G,R¥*), given, for a € B(G,H), z € G, y € R* by

(3.5) T(a)(z,y) = a(z, T*(y)),

where T is the adjoint of T'.

LEMMA 3.1: For z € G we have

(3.6) W,oT=ToV,.

Proof: Consider a € B(G,H), y € H. Then, by definition of W,, by (3.5), and

by the definition of V, we have successively

(Wz 0 T(a), y) = T(a)(z,y)
= a(z,T'(y))
(Ve(a), T'(v))
= (T o Vz(a),y). |

For A C B(G,H), we set
€(A) = E sup |a(w,¢)|.
a€A

LEMMA 3.2: £(A) = E(V,(A)).
Proof: This is just Fubini theorem and the definition of V,,:
HA) = Eu(B suplafw,€)
= w(Eeb sup |(5,£)])

€V.(4)
= EL({V.(A))). 1

In a similar way, for H = R", we have £(A4) = E({(W,(4))).
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LEMMA 3.3: EUT (4)) < ¥(A).

Proof: Using successively Lemma 3.2, Lemma 3.1, the Fubini theorem, Propo-

sition 2.1 and Lemma 3.2 again, we have
= b 0
E{(T"(A)) = EsEu(€(Wu(T (4))))

= EsEL(U(T°(Vu(4))))

= ELEo(&(T°(Vu(A))))

< E(6(Vu(A)))

= {(A). |
We finish this section with a few simple facts.

The following is well known, and is a weak version of the integrability property

of Gaussian measure.
LEMMA 3.4: Consider a semi-norm ¢ on H.
Suppose that P(p(w) < M) > 1/2. Then (Ep*(w))'/* < KM.

LEMMA 3.5:
() P(|Vu(a)ll 2 3llallz) <1/9
(b) If P(JIVu(a)|| € M) > 1/2, then ||a]; £ KM.

Proof: (a) Follows from the fact that Ea?(w,£) = ||a||3, so that, by the Fubini
theorem,

llallz = Ea®(w, £) = Eu(Eea*(w,¢))
= E.(E¢(Vu(a),€)?)
= w("Vw(a)"Z)-

(b) We observe that £ — ||V,(a)|| is a semi-norm on G; so the result follows from
Lemma 3.4 and (a).

4. The ¢3 norm
The basic fact is as follows.

PROPOSITION 4.1: There exists a universal constant K with the following prop-
erty. Consider a subset A of B(G, H). Consider k > 3 such that ¢/K > €(A)/V%.
Then we can find a subset A’ of B(G,R¥) with the following properties:

(4.1) (A < 20(4),

(4.2) N2(A,e) < Ny(A',e/K).
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Proof: Given w, consider the following event S,, (that depends on 8 only):

43) Va,yeVi(4), le-yll <K (llT"(x) —ToW)|| + l__._(V:'/(EA))) ,

1t follows from Theorem 2.2 that (for a suitable K) we have P(S,) > 1 —2e7*,
Using the Fubini theorem, we see that if we set

R={6;P(6€S,)>1—-6eF},
we have P(R) > 2/3. On the other hand, from Lemma 3.3, we see that
- —9 -
PET*(4)) < 2(4)) > 172

Thus we can find 4 such that Z(TD(A)) < 2¢(A), and P(S) > 1 —6e~* > 3/4,
where S = {w;8 € S.,}. We fix such a 8, and we set T = T, 4' = TO(A) We
thus have £(A4') < 2¢(A).

We now prove that, for some universal K,
(4.4) Va,be A, la~bllz < Ki(IT(a) - T(®)ll2 + &(4)/VE).
Indeed, from Lemma 3.5(a), we see that
P(lIWo(T(a) — T(®))Il < 3I|T(a) - T(B)Il) > 8/9.
On the other hand, for w € S, and using Lemma 3.1, we have from (4.3) that

Vi(a) = Vu(®)ll < K(IT(Vis(a)) — T(Vu(®)Il + £(Ve(A))/VE)
= K(||Wu(T(a) — T(b)|| + &V (A4))/VE).

On the other hand, by Lemma 3.2 we have
P(U(V.(4)) < 8E(4)) > 7/5.
Thus, with probability > 1/2, we have
IVo(a = 8)|| < K(3|T(a) ~ T()|l2 + 82A)/ V).

Together with Lemma 3.5(b), this proves (4.4). Clearly (4.2) follows from (4.4)
if K > 2K, (since {(A)/VE<¢/K). B
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We are now ready to prove (1.3). Consider A C B(G, H). If we apply Propo-
sition 4.1, and then apply it again after exchanging R* and G, we see that there
exists a universal constant K3, such that if ¢/K; > #(A)/vk, k > 3 then we can
find a set A” C B(R* x R*) such that

(4.5) YA") < 4(4),
(46) Nz(A, E) S Nz(A”, C/Kz).

The ball (for ||-||2) of radius 8¢ in B(R* x R¥) can be covered by at most exp(Kk?)
balls of radius e/Kj. Thus if one chooses k of order K2Z(A)?/€?, we see that

KF(A)*
4

€

(4.7) Na(A,€) < exp ( ) - Np(A", 8e).

Set h(e) = sup{Nz(4,€);2(A) < 1}. It follows from (4.7), since Nz(A",8¢) =
Ny(A" /4,2¢), that

(4.8) h(e) < (exp Ke*)h(2e¢).

We now observe that for ¢ € A we have Ela(w;¢)| < #(A). Since all the
moments of a chaos are equivalent (see e.g. [B]) we have ||a||z = (Ea(w, €)?)!/? <
K3€(A); thus h(e) = 1 for € > K;. It then follows from (4.8) that h(e) <
exp Ke 4.

5. The operator norm

For a set A C B(G, H), we set
m(A) = E¢sup sup |a(g, )]
a€A|gli<1

PROPOSITION 5.1: There exists a universal constant K with the following prop-
erty. Consider a > 0, A C B(G, H), and k such that m(A)/vVk < a/K. Then
we can find A' C B(G,R*) that satisfies

(5.1) HA') < 2(4),
(5.2) N(A,a) < N(A',a/2K).
Proof: Cousider the subset B of H given by

B = {Vy(a);a € A,|lgl <1}.
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Clearly m(A) = ¢(B). Lemma 3.3 and Theorem 2.2 show that we can find 8 such
that, if we set A' = TO(A), T = T?, then (5.1) holds, and moreover

Ve B, fu-ol <K (IT0) - TO)I + Z2)

Using this for u = Vy(a), v = V,(b), and using Lemma 3.1 we see that

Vst = V() < K (I9,(T@) - W@l + )

< & (1@ - T + =)

so that

o=l < & (@) - Tl + 2.

This obviously finishes the proof. ]

Consider a semi-norm ¢ on G. Let b = supyy<; ¢(g). The theorem of Hahn-
Banach shows that ¢(g) > |(2,¢)| for some z € G, ||z|| = b. Thus

2
El(z,w)| = \/;IIZH < EByp(w)
and thus

(53) b< |3 Bew) < 2B0(0).
Using this for the functional ¢(g) = sup,¢4 la(g, )|, we get that

sup sup |a(g,€)| < 2E, sup la(w, &)
lgli<1 a€A

This shows that m(4) < 20(A).

Using this observation, as well as two times Proposition 5.1 we get the follow-
ing:
PROPOSITION 5.2: There exists a universal constant K with the following prop-
erty. Consider a >0, A C B(G, H), and k such that {(A)/VE < a/K. Then we
can find A" C B(R* x R*) that satisfies

(5.4) {(A") < 42(4),
(5.5) N(A,a) < N(A",a/K).
Observe that we still need of order (€(A)/a)* dimensions, so further reductions

are necessary. These reductions will be made using Proposition 5.1; but we need
to reduce the value of m(A) by breaking A in pieces.
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PROPOSITION 5.3: There exists a universal constant K with the following prop-
erty. Consider A C B(R™ x RY) and k > 1. Then we can cover A by translates
of sets (A;)i<n such that

(5.6) 1(A;) < 20(A),
Ke(A)

5.7 E¢ sup sup |a(g,€)| < ,

(57 c sup sup la(s, )| < =2

(5.8) N < (K+/qk)™.

Proof: 1In order to avoid introducing new notation, we will replace (5.7) by
Ki(A)

5.9 E, sup sup |a(w,h)| < .

(5.9) w aef:; ||h||£1 |a( )1 JE

As in the proof of Proposition 4.1, with G = R™, H = RY we can find 6
such that setting T = T?, A’ = T(A), we have £(A') < 2¢(A), and that with
probability > 1/2, we have, for all a,b € A,

(610) V(o) - Kl < K(WelT(@) - WolTO)] + 2.

Consider now a set C C T(A), and let D = T_I(C )N A. It follows, from (5.10)
and (the proof of) Lemma 3.5(b) that

E, sup sup |a(w,h)— blw,h)|
a,b€D ||R]IL1

vk

Thus we have reduced to the proof of the following statement. If A' C
B(R™ x RF), we can cover A’ by sets (A;)i<n such that

<K (Ew sup sup |u(w,h’)—v(w, k)| + -K(—A)-) )
u,2€C ||3'||<1

E,( sup sup |u(w,h’) —v(w,h")|) < @
u,vEA; [ ||<1 vk
when N satisfies
N < (KvVmk mk

We observe that, if ||A'|| < 1,

[u(w, ') = v(w, K)} < Jlw]| lu — vl



222 M. TALAGRAND Isr. J. Math.

Since E, ||| < (E}jw||?)!/? = m!/?, it suffices to take for the sets A; balls for
| - lle of radius < ¢(A')/v'mk. We observe that by (5.4) we have

T
sup flalle =sup  sup la(g, k)| < (4)
a€A a€A |lgll<1,lIRlI<1

so the result follows from the (well known) following lemma.

LEMMA 5.4: Consider a convex balanced set U in RP. Then U can be covered
by at most (1 + 2/a)? translates of aU centered on U.

We now denote
N(m,q,a) = sup{N(4,af(4)); AC B(R™ xR%)}.

PROPOSITION 5.5: There exists a universal constant K with the following prop-
erty. If p < 1/a?, then

K «
< gp = 2.
N(m,q,a) < (K /qp)"?N (m, 2o’ K)

Proof: Consider A C B(R™ x RY). We first use Proposition 5.3 for k = p. It
thus suffices to show that

N. (A, %?(A)) < N(m,K/pa?, o/ K)

whenever KZ(A)
m(A) = E¢ sup SuP la(g, )| < 7
We can find
k< Ea_z
p
such that

m(A)/VE < KU(A)//pk < ob(A)/2K;

where K, denotes the constant of Proposition 5.1, so the claim follows from

Proposition 5.1. |

We now proceed to the proof of (1.4). Consider p; < --- < pr < a™2. Set
g1 =m, g, = K116-1D=2p-1 4-2 for s < r. Then, by iteration of Proposition
5.5, we get

Kltr(r-1) )

N(m,m,a)SH(qupa)”'N (m, o K7

s<r
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We specialize now to the case where p, is (of order) u® for some u > 1. Then for

s < r, we have g,p, < K™ ua™2, so that

. _ 14r(r—1)
N(m,m,a) < (K"zua'z)'K Tua ‘N (m, K x )

~ua? 'Kr
Take now u = a~2/"; observe that by Lemma 5.4 we have
N (m, Kirir=1) %) < (Kra—l)K'zm_
So we get (for a new constant K)
N(m,m, ) < (Ka™' YK @770 4m),
We recall that, by (5.5), we have
N(n,n,a) < N(m,m,a/K),
where m < Ka™~?; so, taking r of order (loga)'/3, we get
N(n,n,a) < exp(Ka?exp K(loga™)*/?).

This proves (1.4), where p(z) = K exp K (log z)?/3.

Remark: (1) This proof is a good illustration of the power of the “iteration
method”. While we start with a very weak principle (Proposition 5.3), the
method yields a reasonably sharp result.

(2) It is possible (and even likely) that a more clever handling of this iteration-
type argument would yield a smaller growth of the perburbation term; but in

order to get rid entirely of this term, a radically new idea seems to be needed.
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